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Abstract—A variational method has been used to solve the flow over a flat plate in the entrance region at

constant wall temperature. The physical properties. i.e. thermal conductivity and viscosity. were assumed

to be linear functions of temperature in the study. Two coupled equations were derived from the vari-

ational formulation and then solved by the analog/hybrid computer. Consequently, momentum boundary

layer thickness,thermal boundary layer thickness local Nusselt number and local friction factor were found

for the flow. For the constant properties case a comparison was made between the exact solution, and
results obtained using the solution approach suggested in this paper.

NOMENCLATURE {, characteristic length of the flate
plate ;
A, viscosity coefficient ; Nu,, }ocal Nusselt number ;
Amp, amplifier ; P, potentiometers, set by servomotor :
a, analog input signal ; . pressure ;
B, conductivity coefficient : Pr, Prandti number ;
b, analog output signal ; 4. heat flux ;
C comparator ; Re, Reynolds number ;
- specific heat at constant pressure : s, surface ;
D/A, direct/analog (switch): S1.82,  switch 1, switch 2 ;
€, output analog signal ; T. temperature ;
€,,e,.  input analog signal; t, time ;
E,. local potential ; u, velocity in the x-direction :
1, local friction factor ; v, velocity in the y-direction :
H.G.. high gain ; V, volume ;
h, heat transfer coefficient : Xgn unheated starting length :
IC, initial condition ; X. ¥ Cartesian coordinates ;
K, amplification ; Y, (4,/4) ratio between thermal and
k, thermal conductivity ; momentum boundary layer thick-
L logic signal ; ness.
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Greek symbols

o, thermal diffusivity :
A, momentum boundary layer thick-
ness :
4, thermal boundary layer thickness :
d. variation notation ;
0 dimensionless temperature vari-
able :
L, dynamic viscosity :
v kinematic viscosity :
o, density.
Subscripts
i j, tensorial indices ;
x, (y). derivative with respect to x (y):
w, wall property :
L. free stream property.
Superscripts
*, dimensionless quantity :
o, stationary state.

PROGRAMMER SYMBOLS

High gain dc amplifier
e, = —Ke, (K large,
normally greater than 10%)

Summer—inverter
e, = — (e, +e,)

Grounded potentiometer
€ =Ye,
éic 0< y < 1

Integrator
e = —fe, dr — e,

Multiplier

€y = —¢€.€

0 .
Divider
e, = —eg/e,
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e (s
7 I&DJ» Comparator
#2t/] e (1) + e,(t) > 0,
L is TRUE
e (t) + e,(t) <0,

L is FALSE

D/A SWITCH

If Lis TRUE qand b
are connected

If L is FALSE b is
grounded

INTRODUCTION

AN IMPORTANT formulation of the variational
principle in thermoscience was derived by
Glansdortt et al. [1] in 1962 based on minimum
entropy production. Its application is discussed
in the literature [2, 3]. However, the formulation
is only applicable to the rather narrow class of
systems for which

(1) the phenomenological coefficients are con-

stant or expressed in specific forms

(2) the Onsager reciprocal relations are valid

(3) the convective terms are negligible.

Later, Glansdorft and Prigogine [4] removed
the above restrictions by moditying the formu-
lation using the concept of local potential
(generalized entropy production). The applica-
tion of this formulation is also discussed in the
literature [5-7].

The purpose of this study is to apply the
variational method based on the local potential
theory to solve the problem of flow over a flat
plate in the entrance region at constant wall
temperature with variable physical properties.
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This involves the formulation of two coupled
momentum and energy boundary equations.
The solution of these equations was obtained
via an analog/hybrid computer. The quantities
to be determined include momentum and
thermal boundary layer thickness, local Nusselt
number and local friction factor. In certain
cases a comparison will be made between the
results from this work and those available from
the literature, i.e. constant properties case.

The combination of the variational method
and an analog/hybrid computer in solving this
class of engineering problem is to the authors’
knowledge, a new approach. As a result of this
study some degree of confidence in this com-
bined solution approach is established. It is
hoped that the approach can be effectively
utilized in obtaining solution to other problems
in this area.

VARIATIONAL FORMULATION OF THE PROBLEM

The conservation equations of mass. momen-
tum and energy for a two-dimensional, in-
compressible boundary layer flow [8] can be
expressed as

6_u+0v
dx Oy

ou, jOu  ow\_ P & au> @
P e T T )T T Tay Yoy

c (o7, T, 6T>_ 6(k6T>
Por\ar T ¥ox Ué’y T oy \ dy

a 2
+u(£ e

=0 (1)

Although the problem under study is a steady
state case, one must nevertheless retain the time-
dependent character of the equations when
forming the local potential.

The pressure gradient is assumed to be zero
for flow over a flat plate. In addition, the heat

1935

dissipation-is neglected in this study [9]. Thus
equations (2) and (3) become

(%4_“8_“4,0% —E % (4)
P\ac " Yax T Vay) T oy Vo

T oT oT 0 oT
(& s 108 ) = 2 (k).
p "<6t “ox + Uﬁy) dy Qcay> ©)

Here u and k are functions of T(temperature).

The closed form solution of simultaneous
equations (1), (4) and (5) is, in general, very
difticult to obtain even for the simplest geometry
because of the non-linearities involved. The
variational technique can, however, be used to
transform these equations into a more tractable
form.

In order to construct a local potential for the
problem for use in the variational method, a
technique used by Glansdorfl and Prigogine [4]
is followed. Upon multiplying equation (1) by
—(p/2) (Ov*/0t), equation (4) by dwdt and
equation (5) by dT/dt, summing the results and
rearranging the terms, one obtains

du \? 0T\? ou du
*”=—P(a> _pc,,(.a_;) = P o
N oudu Ou 6(1614
puou _oul o ou
PPoray o |ay Moy
p ov? (ou au> aT T
2 (0x+8y PO

dT 8T @ (awz)

"oy o ay \ ot ay

ko (eT\?
+§6~z<5;) <0. (6)

Equations (1). (4 and (5) describe a two-
dimensional flow. The arguments of the vari-
ational techniques require the specification of
the function ¢ as follows:

¢ =f{ydxdy <0 (7

+pC

where s is an area of interest in the x—y plane
which is bounded by curve ¢ (the curve which
encloses s).
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The integrand ¥ can be rearranged in the . T T
form + p(/pl/l T *P? + [)CPU T (,}}"

0 ,0u G, ou (2 Ju ou ke (T \2 P
V= 0x (pu 8t> * Oy (puv 5t> dy “(?y ot + 3 ( ) ]dxdy + EJ(P“"ZUd)’

&y

’ ou (0u 4 6v> o 0 ((',?u)
TPU NS T o P S , T
ar \0x ~ dy o1\ dx — puviudx + p° 0a_u udx + k° FTM de)
o (ewy ooy _pan? ’ ’
PUa\ey) T 2at\ay) T 2 @ <0. 10
Therefore. the local potential is

du Ov oT oT ou du  p feu\?

- i C i E — _ o2 . [ - o
<6x+6y)+p X ”[ P ax p””ay+z<ay>
peall L () )@ e

6y ct 6y ot 6)’ - p *2* + 7 97 + —6}7 + pCpu TE*
ko (oTV eTY ko (oT
AN <o, Co T + 5 (57 ) |dxd
2 (ay) e I (c’yﬂ <
Combining equations (7) and (8) and using 2 oo . ou
Gauss’ theorem, one obtains +| | puudy — putviudx + Ay udx
3 du o (éu ‘
— _ 277" I B o
¢ ﬁ [ P ot ax "””az<ay) + kcﬁ%‘d,\-) (11)

y ay
uo (@u)z p ou? (('?u (’31;) with the subsidiary conditions
3a\a) T Gt A A
20t \Cy 2 0t \Ox @&y W o=
p ov? <6u 60) éTetT vo=v
20 \¢ + iy Cou Ox ¢t T =T.

c OTaT ko (eTy dxdy The line integral portion of equation (11)
Pt 3y at * 20t \dy e can be simplified by using the boundary

N conditions [7]. In this study the area of interest
+ | [pu? 5_“dy — puvaﬁdx + Mfﬁ du dx is a rectamgle bounded by the lines x =0,
at ot ay at x =1y =0and y = A. Note that the boundary
conditions for the problem are
ToT
+k%~5—~dx <0. (9 u=0 at y=0
ya v=0 at y=0
u=u, at y=

0 .2 Ou u0008u+y° u\ u=u, at x=
= — —_ U —_— o — —
ot P s TPV T o\ and

Near the stationary state, ¢ becomes

§ T=T, at y=0
2w o\ po? (aw v _ _
_puw<u +_.U_>_&(gli +_l,)“> T=T, at y =4
2 Ox 6y 2 NEAY 6y T = Toc at x=0.
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Therefore, the contribution from the line integral
is

o

a
Enine =E (pu“zudy + puviudx — u° ; udx

667 de) =j

0

A

(puczu lx=l

—k°

]
- Puozuix=0) dy + j‘ I:P“Ovo”'y=4
H

o e}

— 0,0 ! 0 u l oau i
puvul, o — p E“F“ + Eul,:o

o ore ° aoT® . dx
—k a—y Tl).=4' + k a—y TI)‘=O} .
Imposing the boundary conditions, one obtains
Eine = 1" (puul — pul) dy

1

+fpudv’l o dx.  (12)
(4]

By using equations (1) and (12), equation (11)
can be further reduced to

Ou ou ° (ou\?
E = _ 0z ° 7% 0,0 7% ﬁ —lf
ﬁ[ S L TR <ay)

oT°
0x dy
o (o 2
5 (T Jaar +f it - miray
- jpumv" I),zAdx (13)
or ’
E=({F(x.y.uu,u,T T, T)dxdy

4 ,
+ T louul,_, — pud)dy + [ puze®|,— 4 dx
] 0
(13a)
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where

0
Fx.yuu,u, TT,T —pu"zéli

ou pfou T°
— puv® — + —| — T
pu’v 8 2(6) pCu°

5 kO orT

Again it can be seen that the local potential as
defined for two-dimensional boundary layer is
composed of two parts. One part is an area
integral and the other is a line integral. The line
integral enters because the velocity u is not
specified at x =1 Hence the variation in
velocity does not vanish at x = [ as it does for
x=0, y=0and y = 4. This problem corre-
sponds to the one-free end boundary condition
in the calculus of variations [10, 11]. Therefore.
the boundary condition at x = must be a
natural boundary condition.

In order to prove that equation (13) is the
local potential of the problem the following
operations must be performed. Taking variation
of local potential E (equation (13a)) with respect
to u and T, one obtains

oFE

(E )u" - O
oE

(51). -0

Equation (14) can be written as
a_F i oF 0 [ OF _o
ou  0x \Ou, dy a h

Substituting equation (13b) into equation (16).
it follows that

(13b)

(14)

(15)

(16)

a 02 a 0,,0 6 o 6“
52— pu )—5(—puv)—5(u 5)—
. - .. (17)
Using the subsidiary conditions
u’=u
v’ =
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Equation (1 7) becomes

—-(puz) + ——{puv) - (

It

f’?}j

ﬁv)

or
v

2 + au 6(1

?_E‘,) _
a dy -

Rearranging the terms, the above equation

gives

e o o ()

PU\ox dy P ax pay dy #6;?_
ou_ 2 (o

“a )

or
dy dy
This is the momentum boundary layer equation

in the x-direction for constant pressure. Simi-
larly, from equation (15) it can be shown that

oT oT @ {, 0T
— - = — tk—|.
pCu A + pCpo 3y ( 3y)

This is the energy boundary layer equation
Thus it has been shown that equation (13) is the
local potential of the problem.

in order to proceed, the following velocity and
temperature profiles are assumed:

. « 3
l:’I“'=§X _.1 _)i Ogyg
T, -1, 2\4,) 2\4

These satisfy the boundary conditions
aty=0u=0T=T,

+pu—

u@+ v

(18)

4, . (19

aty_—_A:u:um.a»;:O
oT
aly=4:T=T, 55 =0.

In this study, only the case where 4 > 4, is
considered, where 4, 4, are functions of x to be
determined.*

* The approach here is similar to that of the Kantorovich
Method.
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For simplicity, the viscosity and thermal
conductivity are chosen as linear functions of
temperature
ic.

L1+ a0 (20)
A 21
P BY )
where
T- T,
e

In the above expressions, a positive 4 and a
negative B indicate cooling of the fluid, while a
negative 4 and a positive B indicate heating of
the fluid.

These expressions for velocity, temperature,
viscosity and conductivity are substituted into
equation (13). By imposing certain variational
arguments, the following two coupled equations
are obtained. (The rather tedious calculation
involved in making this step are given in the
Appendix).

2Y24%2Y = a5 — Y34%4% (22
- alA*A*' = az et G3Y+ a4Y3 (23)
where
21
ay = @Rew
o =3
*Ts
9 3
a3 = ZA g
— 128 § + lzz B
%= 9pr Re\5 7320 )

Here Y = 4,/4 and the dimensionless quantities
x* A* and A4} are defined as

x* = x/I
= A/l
A¥ = 41
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The analog/hybrid computer solution of
equations (22) and (23) is discussed in the next
section.

ANALOG/HYBRID COMPUTER
SOLUTION TO THE PROBLEM*

Note first that the solution of the problem of
simultaneous development of momentum and
thermal boundary layer is intractable, because
the leading edge of the flat plate is a singular
point, i.e. at this point Y= 0/0 and hence is
undefined. One way of circumventing this
difficulty is to assume an unheated starting
length. This length is denoted by x, as shown in
Fig. 1 and its dimensionless counterpart is
X& = xofl.

s

’x’,,.’,|””*‘rj S
iy ]

FiG. 1. Schematic diagram of the problem.

In the initial phases of the study a value of
0-1 was used for x§. The effects of smaller values
were also investigated.

A magnitude scaled analog computer circuit
suitable for generating the solution to equations
(22) and (23) is given in Fig. 2. As noted on this
circuit, the relation x* = 01 t, is assumed be-
tween the problem independent variable x*
and the computer independent variable t. As
a consequence of this assumption, the solution
time on the computer is 10s(i.e. in 10 s x* covers
its range of 0-1).

As indicated earlier, the particular problem
considered is associated with an unheated

* All computational work for this problem was carried
out on the EAI-680 analog/hybrid computer facility of the
Analysis Laboratory, National Research Council, Ottawa.
Canada.
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starting length given by x} x 0-1. The imple-
mentation of this requires that the output of
Amp 45 (Fig. 2) remain at zero for x* in the
interval (0,x¥). This is achieved by generating a
logic signal Lwhose sense changes form FALSE
to TRUE at x* = x{ (integrator Amp 20 and
comparator C 19 of Fig. 3). This logic signal in
turn is used to control switch S1 (Fig. 3) and
thereby disconnect the input to Amp 45 when
0 < x* <x¥ This then achieves the desired
effect.

The purpose of the additional switch $2 in
the circuit of Fig. 3 is to disable the division
operation in the interval 0 < x* <xj. The

Table 1. Parameters for Run Number 1 to Run number 29

with x§ = 01
Re, No. Pr, No. A B Run No.
1-0 00 t
07 0-0 2
20 03 00 3
00 00 ~4
-05 00 5
80 000 -5 01 6
50 15 -0t 7
05 -02 8
1-5 -0t 9
10:0 1-0 —02 10
05 —-01 11
1-0 -02 12
01 -0 13
20 00 00 14
-05 00 15
200 000 -05 02 16
15 -02 17
50 1.5 -01 18
05 -01 19
20 02 20
10:0 08 -02 2t
03 -0t 22
20 1-0 -02 23
320000 00 00 24
20 ~02 25
50 15 -0t 26
o5 -0t 27
5 02 28
100 0-5 -0t 29
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3
+X10%a,

ql
+1
axi0%a

S. C. CHENG. L. G. BIRTA and Y. L. SU

2

FiG. 2. Magnitude scaled analog computer circuit diagram of the problem

¥* et % »*
oy N 2 s = e
P a | 7010:00025 P o3 0.02 0.02
68 oo/ 03
g
N
4
Py J€ A*
RAAYAY &y ( t)
0.00025 N 0.02 0.02
> 73 X X 48 l 50
7
v N v
83
NOTE: X=0.it

F1G. 3. The logic circuit of the problem.

2 L
*
AN
0.0004
TRUE
+ 63
X
FALSE :
Xeo
3
0.6
P y3
47 43
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disabling of this operation is necessary to avoid
overloading the division unit in this interval
where the variable Yis held at zero.

The ranges of the parameters Re,, Pr., A4
and B used in this study are shown in Table 1.
Viscosity coefficients 4 and conductivity co-
efficients B have been selected based on two
criteria,

(1) physical consideration, and

(2) the value of Y(4,/4) remaining less than 1

over the whole solution.

In general, for incompressible fluids, the
thermal conductivity is slightly dependent on
temperature. In this study, conductivity is
assumed slightly increasing with temperature.
On the other hand, the viscosity is always
rapidly decreasing with temperature,

For x} = 01, 29 runs were performed for
different combination of parameters as shown
in Table 1. Solutions were also obtained for
values of x§ <O0-1; in particular one run was
obtained for x% = 000286, another run for
x}¥ = 0000572 and two more runs for x} =
0-01. Table 2 provides a summary of these
additional runs. For these cases the scale factor
associated with Y’ Y2 had to be increased from
its earlier value of 2.

Table 2. Parameters for Run Number 30 to Run Number 33
with Re_, = 80 000

Pr,, No. x$ A B Run No.
001 00 0-0 30
20 0-00286 10 —0:2 31
100 001 1-0 02 32
0-000572 1-0 -02 33

The runs with x§ set to 0-000572 closely
approximate the case of simultaneous develop-
ment of momentum and thermal boundary
layers. Notice that 4* and A¥ are direct outputs
of the computer. Local Nusselt number, Nu,,
and local friction, f, were calculated according to
the following relations ie. equations (28) and
(29).
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From Fourier’s law

00
= —k - Tw - TW
q ‘"(ay)}.zo ( )

3k, 1
= - —Z—Z(Tw -T,) (24
also,
g = h(T, — T,). (25)

From equations (24} and (25), it follows

3k, 1 .

Rearranging the terms in equation (26), one
obtains

hx 3x
Nux == E;‘ = EZ (27)
or
3 x*
=, 28
Nux 2 A;" (28)
By definition
f= #(0u/3Y), = o _ vl + A)
puZ/2 Upd
or
_ M+ 4
/= Re 4% (29)

The resuits are presented and discussed in
the next section,

RESULTS AND DISCUSSIONS
For the case of x§ =01 29 runs were
obtained with the parameters for each run
shown in Table 1. Some of these results are
shown from Fig. 4 to Fig. 9. These include
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z.0
//A
Az 1 0,B=0.
T S %
AzZ0.7,8=20
A 0.3 ,B=0
-2
1.2x10 - /
%
8.0
A= 0. ,B=0
AZ-0.5,8= O
-3 A=z-0.5,8= 0.
4.0%x10°
o 1 1 1 ] 1 | 1 j |
0.1 0.2 0a o4 0.5 0.6 0.7 0.8 0.9 1.0
g ——
FiG. 4 Momentum boundary layer thickness for Re, = 80000, Pr_ = 2.
1.5
-2 A= 1.0,8=0
1. 2x%10°
A=0.7 ,Bz0.
A= 0.3 .B=0
8.0k
*1*
<
6. 0
Az 0 , B=0.
A=-0.5, Bz 0.
- =~ 0.5, B= 0.
3 aagdl A== 0.5, B
o | | L L I 1 | I
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
X%

F16. 5. Thermal boundary layer thickness for Re, = 80 000. Pr,, = 2.
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150
Nu:
\ Az-0.5 , B=0. — o
A=-0.5 , 8=0.1
A= 0. , B=zO.
130+ = 0.3, 8=0. A
A= 0.7 , B=0.
A= 1.0, B=O. /
‘ /
1 f:
2 l ~A=1.0 , B0.
A=0.7 , 8=0.
9o A= 0.3 , B=O. —
A=0. , B=O.
70+ A=-0.5 , B=0.1
A=~-0.5 ,
50 | | 1 1 I I TR
0 0.1 02 03 04 05 08 07 0.8 0.9 ]
X_a-—
FIG. 6. Local Nusselt number and local friction factor for Re, = 80000, Pr,, =
255
225

Nu:
Az1.0,8B=-0.2
Az0.5, B=-0.1
A=1.5,8=-0.1

NU—=~ ©
(S

165
f:
s A=0.5,8=-0.1
3 A=1.5,8=-0.1
A=1.0,B=-0.2
105 1 y 1 1 1 | .l 1 1
o] 0.1 0.2 0.3 0.4 0.5* 0.6 0.7 0.8 0.9 |

X

Fic. 7. Local Nusselt number and local friction factor for Re, = 80000, Pr
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momentum and thermal boundary layer thick-
ness. local Nusselt number and local friction
factor. Figures 10 and 11 show the cases of
x§ =001 and 000286 at Re, = 80000 and
Pr_, = 2. Figures 12 and 13 show the cases of
x = 001 and 0-000572 at Re, = 80000 and
Pr,, = 10. A comparison has been made for the
case of constant properties (ie. 4 = 0-0. B=
0-0) between the results from this study and
Blasius’ exact solutions, the results from a
typical run is shown in Fig. 14.

For constant properties case equations {22)
and (23) become

S.C. CHENG. L. G. BIRTA and Y. L. SU

Equation (31) can be solved as

4 =426/ (v /u,) (32)
or
A 4-26
=T (33)
X VRe,

Substituting equation (31) into equation (30),

one obtains
15 Y
! <Y3 +4 x Y2d—>= 1.
dx

14 o (34

128 3
2Y2 A%y = —(Z )= Y34*4*¥ (30 ) . .
9Pr ,Re, <5> (30) The solution of equation (34) [12] is
21 3 1
—Re A4*4* = . 31 I —— ] - 1.
50 Rex . (31) w38 e VU~ (ol (39)
250 .5
220 Nu 1.2 x6°
A=-0.5, B=0.
A= 0.1, B=-0.1
A=- 0.5 , B= 0.2
Az 0. , B= O.
190 A 1.0, B=-0.2 —9.0
! ‘t‘ 1
z f: he
160 — A= 1.0, 8=-0.2 6.0
A= 0.1 , B=-0.1
/ A= 0, , B= 0.
A=-0.5, B= O.
// l A=-0.5, B=-0.2
130 5z 3.0xi10°
7
\—
100 1 1 1 1 1 1 | 1 1 0.
(o] O.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FiG. 8. Local Nusselt number and local friction factor for Re, = 200000, Pr_ = 2.
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380 1.5
Nv: 2
340 — A=0.8, B=-0.2 ~1.2%10
A=0.3, B=-0.1
A= 2.0, B=-0.2
300 — 8.0
1 f:
2 A=2.0,Bz-0.2 1
z ol
A=0.8, B=-0.2
A=0.3, B=-0.1
260 // — 6.0
-3
220 . — 3.0x10
180 I | 1 | 1 § 1 1 0.0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

F1G. 9. Local Nusselt number and local friction factor for Re, = 200000, Pr_, = 10.

Now

4-16x

— — 3 —
4= 4Y= J(Re,) 3/Pr v

(xo/¥)¥]. (36)

Comparing equation (33) with Blasius’ exact
solution [12], the momentum boundary layer
thickness is in error by 14-8 per cent. Because of
the similarity between Y as given in equation
(35) and the exact solution, it follows that the
error in the thermal boundary layer thickness
is also in the order of 14-8 per cent.

From equation (29)

3

/= Re_A*

(37

(A = 00, for constant properties). Substituting

equation (33) into equation (37), one obtains

f= 0704 (38)

J(Re))

The result is in error by 6 per cent relative to the
exact solution (see also Fig. 14).

Substituting equation (36) into equation (27),
one obtains

Nu, = 036 J(Pr) /(Re,) (39)

1
I = (xo/x)

The result for the Nusselt number is in error by
8:34 per cent relative to the exact solution (see
also Fig. 14).

For the case of flow over a flat plate with
variable properties, there are no results available
from the literature. Consequently, only some
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2.0
- "
N ¢
1.6 jor
A= 1.0, B=-0.2 FOR X}=0.00286
A=0.0, Bz 0.0 FOR X¥=0.01
-2

L2X%10 b~

*

4

o3

*4—!

<

8.0 b

A=1.0,82-0.2 FOR x¥=0.00286
- £=0,0, Bz 0.0 FOR X¥=0.01
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FiG. 10. Momentum and thermal boundary layer thickness for Re,, = 80 000,
Pr, = 2 when x} approaching zero.
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Fi. 11. Local Nusselt number and local friction factor for Re, = 80 000.
Pr,, = 2 when x3 approaching zero.
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FiG. 12. Momentum and thermal boundary layer thickness for Re,, = 80 000.
Pr,, = 10 when x} approaching zero.
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FiG. 13. Local Nusselt number and local friction factor for Re,, = 80000,

Pr., = 10 when x4 approaching zero.



1948 S. C. CHENG. L. G. BIRTA and Y. L. SU
150 1LOX10°
— = ——  VARIATIONAL METHOD
———— EXACT SOLUTION
130 |- 8.0
1o - —s.0
! 1
z -
S0 — 4.0
-3
70 2.0x10
s0 i I i 1 1 1 1 I 0.0
) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x*_.

FiG. 14. Comparison of Nusselt number and friction factor for constant
properties case at Re . = 80000, Pr,, = 2.

qualitative remarks can be made regarding the
effects of the parameters on the flow properties.
Some of these qualitatively agree with results
from the literature [13] for the flow through
a pipe with variable properties.

(1) For constant conductivity coefficients B,
Nusselt number increases with decreasing vis-
cosity coefficients A for all x*. But friction factor
increases with increasing 4 for all x* This is
due to the fact that positive A indicates cooling
of liquid in the flow, thus corresponding in-
crease in viscosity near the wall slows down the
flow, results in a lower rate of heat transfer,
relative to the constant properties case.

(2) The curves in Fig. 6 and Fig. 8 show that for
constant viscosity coeflicients 4, Nusselt number
decreases with increasing B (conductivity co-
efficient) for all x*, while friction factor remains
unchanged.

(3) For constant Reynolds number, Nusselt
number increases with Prandtl number for all
x*,

(4) The curves in Fig. 13 show that for con-
stant Reynolds number and constant Prandt}
number, Nusselt number decreases with de-
creasing unheated starting length x§ for all x*,
while friction factor decreases slightly with
decreasing unheated starting length x§ for all
x*,

It is believed that the results from this study
can be improved by assuming a higher order
velocity profile and a higher order temperature
profile in the calculation process. Similarly,
more realistic expressions of viscosity and
thermal conductivity would be useful.

Nevertheless, the variational method com-
bined with an analog/hybrid computer solution
technique has been found to be very fruitful in
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the solution of this complex problem. It is felt
that the great potential of such a combined
technique still remains to be fully exploited in
other engineering problems,
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APPENDIX

Derivation of the Coupled Equations from the
Variational Formulation of the Problem

First, we re-write equation (13)
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From the continuity equation

Since

it follows that

and

v _ du
dy T ax
therefore
h du
=4} ~-d
v S ox Y

3 yd\ 3y
—ud (2N 2 () e
(B G)-20)
L))
B PAVEN AR AT |

Also, it is assumed that

T-T, 3/y 17y
To— T, 2\4,) 214,

and so

and

1949

AD



1950

Also

= (1l + A6
and

k =k,(1 + BY.

Substituting all the above expressions into equation
(A.1) gives
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Taking the variation of E (cquatlon (A.2)) with respect to
A,, we obtain
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There is no longer any need to distinguish between the

(A.2)
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varied (4,) and unvaried (4 ,) versions of thermal boundary
layer thickness. Dropping the superscript and integrating
y from 0 to 4,. we tind
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Introducing the ratio Y = j equation {A.5) becomes
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Similarly, we take the variation of E (equation (A.2)) with
respect to 4.
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As before. there is no longer any need to distinguish
between the varied (4) and unvaried (4°) versions of the
momentum boundary layer thickness. By using the fact that

54" = d(64)/dx. the term involving d4' on the right-hand
side of equation (A.7) can be written as
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Integration by parts yields.
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Finally, integrating y from 0~to 4 of equation (A.7). we
obtain
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Introducing the ratic Y= vE equation {A.11) becomes
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Since 4, is assumed to be smaller than 4, it follows that

Y < 1, hence equations (A.6) and (A.12) can be simplified
by neglecting the higher order terms Y* and Y°.
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Finally we rewrite equation {A.15) and equation {A.16) as
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Equations {A.17) and (A.18) are same as equations (22) and
(23).

APPLICATION D'UNE METHODE VARIATIONNELLE A L'ECOULEMENT SUR UNE
PLAQUE PLANE DANS LA REGION D’ENTREE AVEC DES PROPRIETES PHYSIQUES
VARIABLES

Résumé —On utilise une méthode variationnelle afin de déterminer I'écoulement sur une plaque plane
dans la région d’entrée 4 température pariétale constante. Les propriétés physiques, par exemple la
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conductivité thermique et la viscosité, sont supposées étre dans cette étude des fonctions linéaires de la

température. Deux équations couplées ont été dérivées de la formulation variationnelle et ensuite résolucs

sur un calculateur hybride analogique digital. En conséquence, on donne I'épaisseur de quantité de

mouvement, I’épaisseur de la couche limite thermique, le nombre de Nusselt local. et le facteur de frottement

local. Dans le cas de propriétés constantes on fait une comparaison entre Ja solution exacte et les résultats
obtenus par utilisation de la méthode d’approche suggérée dans cet article.

ANWENDUNG EINES VARIATIONSVERFAHRENS AUF DIE STROMUNG UBER EINER
EBENEN PLATTE IM ANLAUFBEREICH MIT VERANDERLICHEN PHYSIKALISCHEN
STOFFWERTEN

Zusammenfassung—Ein Variationsverfahren wurde angewendet, um die Stromung iber einer ebenen
Platte im Anlaufbereich bei konstanter Wandtemperatur zu bestimmen. Bei dieser Untersuchung wurden
die physikalischen Stoffwerte, z.B. die Wirmeleitfdhigkeit und die Viskositit, als lineare Funktion der
Temperatur angenommen. Aus der Variationsformulierung wurden zwei gekoppelte Gleichungen ab-
geleitet und mit einem Analog-Hybrid-Rechner gelost. Daraus werden fiir die Strdmung die Dicken der
Stréomungs- und Temperatur-Grenzschicht, die ortliche Nusseltzahl und der ortliche Reibungsfaktor
gefunden. Fiir den Fall konstanter Stoffwerte wurde zwischen den Ergebnissen der exakten Losung und
der in dieser Arbeit vorgeschlagenen Niherungslésung ein Vergleich angestellt.

NPUMEHEHUE BAPUAIIMOHHOI'O METOJA H 3AJAYE O TEYEHUHU
BJJOJIb JIOCKON NJIACTUHBI BO BXOJJTHOR OBJACTU C
INEPEMEHHBIMU OU3NYECKUMHN CBONCTBAMU

AHHOTAIUA—BapUanMOHHBIA METOJ HUCIOJb30BAJICA JJIA PelIeHUs 3ajaud O TeYeHUM MO
NJIOCKOIl NJIacTHHE BO BXOJHON 00jacTm MNpu TIOCTOAHHOM TeMIlepaType HOBEPXHOCTH.
@usuuecKkue CBONCTBA, T.e. TEMIONPOBOAHOCTL U RABKOCTh, B JaHHOM MCCIEA0BAHUY
NPUHUMAJIUCh JAVHEAHBIMM QyHKumAME Temneparypel. W3 Bapuanmonnoil ¢opMyianpoBku
BLIBEJICHbl /IBA CBABAHHBIX YpPABHEHMsA, KOTOpHE B3areM OblIM pelleHbl HA AHAJIOroBO-
rubpuaHOli BHUUCIMTENIBHON MaluHe. B peaysbTaTe jifA paccMaTpPUBAeMOro TeUeHUA GHLUIM
ompejenensl TOJIIIMHA NOTPAHMYHOrO CJI0H, JOKajbHoe 4uciio HyeccembTa M TOKAJIBHBLA
KooQ@uuuent tpeuus. [Ina ciay4as IOCTOHHHBIX CBOMNCTB IIPOBE/eHO CpABHEHHE TOYHOTO
PEUIeHUs ¢ pe3yJbTaTaMy, MONXYYeHHBIMU ¢ NOMOLILIO METOAMKH, MpPEeJIoMKeHHOH B JaHHOM
cTaThe.



