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Abstract-A variational method has been used to solve the flow over a flat plate in the entrance region at 
constant wall temperature. The physical properties. i.e. thermal conductivity and viscosity. were assumed 
to be linear functions of temperature in the study. Two coupled equations were derived from the vari- 
ational formulation and then solved by the analog/hybrid computer. Consequently, momentum boundary 
layer thickness,thermal boundary layer thickness local Nusseh number and local friction factor were found 
for the flow. For the constant properties case a comparison was made between the exact solution, and 

results obtained using the solution approach suggested in this paper. 
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NOMENCLATURE 

viscosity coefficient ; 
amplifier : 
analog input signal : 
conductivity coefficient : 
analog output signal : 
comparator : 
specific heat at constant pressure : 
direct/analog (switch) : 
output analog signal : 
input analog signal : 
local potential : 
local friction factor : 
high gain : 
heat transfer coefficient : 
initial condition ; 
amplification : 
thermal conductivity : 
logic signal ; 

characteristic length of the tlate 
plate : 
local Nusselt number ; 
potentiometers, set by servomotor : 
pressure ; 
Prandtl number ; 
heat flux : 
Reynolds number ; 
surface ; 
switch 1, switch 2 : 
tem~rature ; 
time : 
velocity in the x-direction : 
velocity in the y-direction : 
volume ; 
unheated starting length : 
Cartesian coordinates : 
(d&d) ratio between thermal and 
momentum boundary layer thick- 
ness. 
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4. 
6. 
e. 

P- 
V. 

P, 

Subscripts 

i, j, 

x. (y). 
w: 

;c. 

thermal diffusivity : 
momentum boundary layer thick- 

ness : 
thermal boundary layer thickness : 
variation notation : 
dimensionless temperature vari- 

able : 
dynamic viscosity : 
kinematic viscosity : 
density. 

tensorial indices : 
derivative with respect to .Y (y) : 
wall property : 
free stream property. 

Superscripts 
* dimensionless quantity : 

0, stationary state. 

PROGRAMMER SYMBOLS 

High gain dc amplifier 

e, = -Ke, (K large, 
normally greater than 10’) 

Summer-inverter 

e, = - (e, + e2) 

Grounded potentiometer 

e, = ye, 
O,<.Y,<I 

Integrator 

e,= -le,dt-e,, 

el -e Multiplier 
e, = -e,e2 
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a 

IO e+ 

Comparator 

e,(t) + e,(t) > 0, 
L is TRUE 

e,(t) + e,(t) < 0, 
L is FALSE 

D/A SWITCH 
If L is TRUE a and b 

are connected 

If L is FALSE b is 
grounded 

eo = Je, 

e. = 3Je, 

INTRODUCTION 

AN IMPORTANT formulation of the variational 
principle in thermoscience was derived by 
Glansdorff et al. [l] in 1962 based on minimum 
entropy production. Its application is discussed 

in the literature [2,3]. However, the formulation 
is only applicable to the rather narrow class of 
systems for which 

(1) the phenomenological coefficients are con- 
stant or expressed in specific forms 

(2) the Onsager reciprocal relations are valid 
(3) the convective terms are negligible. 

Later, Glansdortf and Prigogine [4] removed 

the above restrictions by modifying the formu- 
lation using the concept of local potential 
(generalized entropy production). The applica- 
tion of this formulation is also discussed in the 
literature [5-71. 

The purpose of this study is to apply the 
variational method based on the local potential 
theory to solve the problem of flow over a flat 
plate in the entrance region at constant wall 
temperature with variable physical properties. 
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This involves the formulation of two coupled 
momentum and energy boundary equations. 
The solution of these equations was obtained 
via an analog/hybrid computer. The quantities 
to be determined include momentum and 
thermal boundary layer thickness, local Nusselt 
number and local friction factor. In certain 
cases a comparison will be made between the 
results from this work and those available from 
the literature, i.e. constant properties case. 

The combination of the variational method 
and an analog/hybrid computer in solving this 
class of engineering problem is to the authors’ 
knowledge, a new approach. As a result of this 
study some degree of confidence in this com- 
bined solution approach is established. It is 
hoped that the approach can be effectively 
utilized in obtaining solution to other problems 
in this area. 

VARIATIONAL FORMULATION OF THE PROBLEM 

The conservation equations of mass, momen- 
tum and energy for a two-dimensional, in- 
compressible boundary layer flow [S] can be 
expressed as 

“+“=O 
ax ay (1) 

au au au 
P -E_t+uz+uaJ: 

> 
aP+d pu =-ax ay ay > (2) 

( au 2 
+c& . (3) 

Although the problem under study is a steady 
state case, one must nevertheless retain the time- 
dependent character of the equations when 
forming the local potential. 

The pressure gradient is assumed to be zero 
for flow over a flat plate. In addition, the heat 

dissipation/is neglected in this study [9]. Thus 
equations (2) and (3) become 

Here p and k are functions of T(temperature). 
The closed form solution of simultaneous 

equations (11 (4) and (5) is, in general, very 
difficult to obtain even for the simplest geometry 
because of the non-linearities involved. The 
variational technique can, however, be used to 
transform these equations into a more tractable 
form. 

In order to construct a local potential for the 
problem for use in the variational method, a 
technique used by Glansdorff and Prigogine [4] 
is followed. Upon multiplying equation (1) by 
-(p/2) (&?/dt), equation (4) by &q& and 
equation (5) by aT/&, summing the results and 
rearranging the terms, one obtains 

d 0. (6) 

Equations (1). (4) and (5) describe a two- 
dimensional flow. The arguments of the vari- 
ational techniques require the specification of 
the function C$ as follows: 

(7) 

where s is an area of interest in the -u-y plane 
which is bounded by curve c (the curve which 
encloses s). 
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The integrand $ can be rearranged in the 

form 

au alI 

i ) 

aT 37 -.. + --- + pc,u---- 
ax ay ax St 

aTaT a t3T 87 
pCP’:c’L,-$; - ly k;?t& 

i > 

k8 ST ‘_ 
+ j t 7,; ’ i 1 

(8) 

Combining equations (7) and (8) and using 
Gauss’ theorem, one obtains 

4= JJ [ -pu 
s 

(7TaT kc? (?T2 + pC v--___-- + -._ - 
p 2y at i >I 2at (7y 

dxdy 

+ Ji PU2!$y _ puv!$u + $!!?!& (3y ?f c 
+ k E c? dx 

ay at 
< 0 (9) 

Near the stationary state, 4 becomes 

4 = it JJ [ -PU 
“2 au o c au ~0 + 2 

z-Puv&+l Fy 
0 
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- pu”v-‘udx + /f !I? udx + k’ 2- 
ay ay 

Therefore. the local potential is 

E= 
sS[ 

-Pu 
02 au c .au 

G-Puv & 

s 

+ pC,v‘Tf$ + “; 7; 2 dxdy 
( )I 

+ Ji ptZ2udy - pu”v”udx + /f ;;m udx 
> 

c 

+ k’ ~~;‘& 

> 
(11) 

ay 

with the subsidiary conditions 

u’ =u 

7“’ = 7 

The line integral portion of equation (11) 
can be simplified by using the boundary 
conditions [7]. In this study the area of interest 

is a rectangle bounded by the lines x = 0. 
x = I, y = 0 and y = A. Note that the boundary 
conditions for the problem are 

u=o at y=O 

v=o at y=O 

u=u m at y=d 

u=u IXI at x=0 

and 
T=T, at y=O 

T = T, at y = A, 

T = T, at x = 0 
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Therefore, the contribution from the line integral 
is 

Eline = s( puo2udy + pu”v”udx - p” au” udx 
8Y 

c 

- 
wo2u I,=O) dy + 

- pu”uouig=o - $q=d + p”!q=o ay ay 

Imposing the boundary conditions. one obtains 

Eiine = F” 
b 

(puo2u ix=1 - p&) dy 

+ d pu2,v” i_, dx . (12) 

By using equations (1) and (12), equation (11) 
can be further reduced to 

E= -PU 

+ pC,u"T g + pC,u"T aT” 
ay 

2 

k” a7 
9 & ( >I dxdy +s”. W’2ul,,~ - &WY 

-/ pu2,v” iyzddX (13) 

or 

E = jf F(x. y, u. u,, ug, IT: TX, T,) dxdy 

+ [(Pu”“ui~~ - pu3,)dy + ~p~~~“j,=Adx 

C13a) 

H 

where 

F(x, y, u, u,, u,, IT; TX, 7J = - puo2 f:: 

+ pC,u”T g 

Again it can be seen that the local potential as 
defined for two-dimensional boundary layer is 
composed of two parts. One part is an area 
integral and the other is a line integral. The line 
integral enters because the velocity u is not 
specified at x = 1. Hence the variation in 
velocity does not vanish at x = 1 as it does for 
x = 0, y = 0 and y = A. This problem corre- 
sponds to the one-free end boundary condition 
in the calculus of variations [lo, 111. Therefore. 
the boundary condition at x = 1 must be a 
natural boundary condition. 

In order to prove that equation (13) is the 
local potential of the problem the following 
operations must be performed. Taking variation 
of local potential E (equation (13a)) with respect 
to u and ‘I: one obtains 

Equation (14) can be written as 

(14) 

(15) 

= 0. (16) 

Substituting equation (13b) into equation (16) 
it follows that 

&pu”2)-&pu”u’)-~ p”; =o. ( > 
Using the subsidiary conditions 

u” = u 
V0 = u 

(17) 
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Equation (17) becomes For simplicity. the viscosity and thermal 
conductivity are chosen as linear functions of 
temperature 
i.C. 

or 

au av au a au 
2Pu~+Pu~+Pu-j-j-& ‘“2-y = 

( > 
0. 

Rearranging the terms, the above equation 
gives 

or 
au au a au 

PuG+wG=ir!, Pgj 
( > 

This is the momentum boundary layer equation 
in the x-direction for constant pressure. Simi- 
larly, from equation (15) it can be shown that 

pcpu~+pc&=d kc? . ( I ay ay ay 
This is the energy boundary layer equation 
Thus it has been shown that equation (13) is the 

P -- = l+A8 
PO2 

(20) 

where 

k 
-=1+J3e 
k n 

(21) 

8= 
T- T, 

T, - T, ’ 

In the above expressions, a positive A and a 
negative B indicate cooling of the fluid while a 
negative A and a positive B indicate heating of 
the fluid. 

These expressions for velocity, temperature. 
viscosity and conductivity are substituted into 
equation (13). By imposing certain variational 
arguments, the following two coupled equations 
are obtained. (The rather tedious calculation 
involved in making this step are given in the 
Appendix). 

2y2A*2y’ = as - y3A*A*’ (22) 

local potential of the problem. 
In order to proceed the following velocity and 

- qd*A*’ = a 2 - a,Yf a,Y3 (‘23) 

temperature profiles are assumed : where 

u -2Re t- 320 m 

3 
02 = - 

5 

These satisfy the boundary conditions 

aty = 0;u =0.7’= T, 
u -!A! 3- 4 8 

au at y = A : u =r u,, ..--. = 0 
ay a4 = 

(I .! 
-__ = aty = A,; T= Tm. ay 0. Here Y = AJA and the dimensionless quantities 

In this study, only the case where A > A, is 
x*. A” and A: are defined as 

considered, where A, A, are functions of x to be x* = x/l 
determined.* 

* The approach here is similar to that of the Kantorovich 
Method. 

A* = A/l 

A: = A,/1 
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The analog/hybrid computer sblution of 
equations (22) and (23) is discussed in the next 
section. 

ANALOG/HYBRID COMPUTER 
SOLUTION TO THE PROBLEM* 

Note tirst that the solution of the problem of 
simuitaneous development of momentum and 
thermal boundary layer is intractable, because 
the leading edge of the flat platk is a singular 
point, i.e. at this point Y = O/O and hence is 
undefined. One way of circumventing this 
difficulty is to assume an unheated starting 
length. This length is denoted by x0 as shown in 
Fig. 1 and its dimensionless counterpart is 
xn* = x,/l. 

FIG. 1. Schematic diagram of the problem. 

In the initial phases of the study a value of 
0.1 was used for+ The effects of smaller values 
were also investigated. 

A magnitude scaled analog computer circuit 
suitable for generating the solution to equations 
(22) and (23) is given in Fig. 2. As noted on this 
circuit, the relation x* = 0.1 t, is assumed be- 
tween the problem independent variable x* 
and the computer independent variable t. As 
a consequence of this assumption the solution 
time on the computer is 10 s (i.e. in 10 s x* covers 
its range of O-l). 

As indicated earlier, the particular problem 
considered is associated with an unheated 

* All compu~tion~ work for this problem was carried 
out on the EAI-680 analog/hybrid computer faciiity of the 
Analysis Laboratory, National Research Council. Ottawa. 
Canada. 

starting length given by x8 x 0.1. The imple- 
mentation of this fequires that the output of 
Amp 45 (Fig. 2) remain at zero for x* in the 
interval (0.x:). This is achieved by generating a 
logic signal Lwhose sense changes form FALSE 
to TRUE at x* = xt (integrator Amp 20 and 
comparator C 19 of Fig. 3). This logic signal in 
turn is used to control switch Sl (Fig. 3) and 
thereby disconnect the input to Amp 45 when 
0 < x* <x$. This then achieves the desired 
effect. 

The purpose of the additional switch S2 in 
the circuit of Fig. 3 is to disable the division 
operation in the interval 0 d x* d .$. The 

Table 1. ParametersJir Run Number 1 to Run number 29 
nithx,* = 0.1 

Re, No. Pr, No. A B Run No. 

1.0 0.0 1 
0.7 @O 2 

2.0 0.3 0.0 3 
00 0.0 -4 

-0.5 0.0 5 
80000 -0.5 0.1 6 

5.0 1.5 -0.1 7 
0.5 -0.2 8 

1.5 -0.1 9 
10.0 I.0 -0.2 10 

05 -0.1 11 

1.0 -0.2 
0.1 -0.1 

2.0 0.0 0.0 
- 0.5 0.0 

200000 - 0.5 0.2 
1.5 -0.2 

5.0 1.5 -0.1 
05 -0.1 
2.0 -0.2 

IO.0 0.8 -02 
@3 -0-i 

-- 
12 
13 
14 
15 
16 
17 
18 
19 
20 
2t 
22 

2.0 1.0 -0.2 23 
320 000 00 0.0 24 

2.0 -0.2 25 
5.0 1.5 -0.1 26 

0.5 -0-l 27 
1.5 -0.2 28 

10.0 0.5 -0.1 29 
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I 

!?n*n* 
0.00025 \ 

\ \ , 
I 

L _ _ LOG14 C_ICyT_SE&F’c. 3._ _ _ 

NOTE: X-O.1 t 

FIG. 2. Magnitude scaled analog computer circuit diagram of the problem. 

L 

TRUE 

1 k X* 

FALSE 

X0 - 
I 

FIG. 3. The logic circuit of the problem. 
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disabling of this operation is necessary to avoid 
overloading the division unit in this interval 
where the variable Yis held at zero. 

The ranges of the parameters Rem, Pr,, A 
and B used in this study are shown in Table 1. 
Viscosity coefficients A and conductivity co- 
efficients B have been selected based on two 
criteria, 

(1) physical consideration, and 
(2) the value of Y&/A) remaining less than 1 

over the whole solution. 
In general, for incompressible fluids, the 

thermal conductivity is slightly dependent on 
temperature. In this study, conductivity is 
assumed slightly increasing with temperature. 
On the other hand the viscosity is always 
rapidly decreasing with temperature. 

For x$ = 0.1, 29 runs were performed for 
different combination of parameters as shown 
in Table 1. Solutions were also obtained for 
values of xi; tO* 1; in particular one run was 
obtained for x$ = OGO286, another run for 
x8 = 0.~572 and two more runs for .x; = 
O-01. Table 2 provides a summa~ of these 
additional runs. For these cases the scale factor 
associated with Y’ Yz had to be increased from 
its earlier value of 2. 

Table 2. Parameters for Run Number 30 to Run Number 33 
tith Re, = 80000 

~.- 

Pr, No. 4 A B Run No. 

From Fourier’s law 

I= (24 

also, 

q = h(T, - 7”,)* (25) 

From equations (24) and (25) it follows 

,=:3k,l 
2 A,’ 

(26) 

Rearranging the terms in equation (26) one 
obtains 

jjru =!?_3x 
x k,-2A, 

or 

3 x* 

NuX = 2d:’ 

By definition 

f= PW(WQ),=0 _ 3v,(l + -4) 
p&/2 - u,A 

(27) 

0.01 0.0 0.0 30 
2.0 0@0286 1.0 -@.Z 31 

to.0 O,Ol 1.0 -a2 32 
0400572 1.0 -0.2 33 

or 

_f= 
3(1 + A) 
Re,A* ’ 

(29) 
-.-. 

The results are 

The runs with x$ set to OWO572 closely the next section. 
approximate the case of simultaneous develop- 
ment of momentum and thermal boundary 

presented and discussed in 

layers. Notice that A* and A: are direct outputs RESULTS AND DLSCUSSIONS 

of the computer. Local Nusselt number, Nu,, For the case of x$ = O-1, 29 runs were 
and local frictionA were calculated according to obtained with the’ parameters for each run 
the following relations i.e. equations (28) and shown in Table 1. Some of these results are 
(29). shown from Fig. 4 to Fig. 9. These include 
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z ( 

I t 

I 2x10- 

1 *a 

a< 

4.0% lo-’ 

C 

I- 

a= I 0, 0: 0. 

n-o7,B=o 

A- 0 3 , B= 0 

A:-0.5, E= 0 

AS-0.5, B= 0.1 

I I I I I I I I I 

0.1 0.2 03 04 05 06 0.7 Da 0.9 1.0 

XX- 

RG. 4. Momentum boundary layer thickness for Re, = 80000. Pr, = 2. 

I 5 

1 *+ 
0 

-3 
3 0x10 I 

A: 1.0.8-O 

A:07 .BsO 

A= 0.3 , E= 0 

FIG. 5. Thermal boundary layer thickness for Rr , = 80 000. Pr, = 2 
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O- 

o- 

o- 

lo- 

‘O- 

iO- 
0 

N”: 

A=-0.5 I 

A=-0.5 , 

A= 0. , 

A= 0.3 , 

B=o. 

6:0.1 

8= 0. 

6-0. 

A= 0.7 , 8=0. 

A= 1.0 , E=O. 

A= I.0 , B-O. 

A=0.7 , 8-O. 

A=o.3 ( 6=0. 

i 

6.0 

, 830. 

I I I I 1 I I I I 
0. I 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1’8,’ 

x*- 
FIG. 6. Local Nusselt number and local friction factor for Re, = 80oo0, Pr, = 2. 

255 

225 

195 

1 
t 

165 

135 

105 L 
I I I I I I I I I 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.6 0.9 

x*- 

A= 1.0, B--O.2 

A--0.5. 8=-O. I 

A:l.5. B--O.1 

A=O.5, 6=-O., 

*= 1.5. e=-0.11 

A= 1.0. B=-0.2 

-l 1.5 

/ 

-z 
1.2x10 

/ 

9.0 

! 

6.0 

-a 
3.0x10 

0.0 
I. 0 

FIG. 7. Local Nusselt number and local friction hctor for Re, = 8OOCQ Pr, = 10. 
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momentum and thermal boundary layer thick- 
ness. local Nusselt number and local friction 

factor. Figures 10 and 11 show the cases ot 

,Y; = 0.01 and 000286 at Re, = 80000 and 
Pr, = 2. Figures 12 and 13 show the cases of 

.xg = 0.01 and OWO572 at Re, = 80000 and 
Pr, = 10. A comparison has been made for the 

case of constant properties (i.e. A = 0.0. B = 
0.0) between the results from this study and 
Blasius’ exact solutions, the results from a 

typical run is shown in Fig. 14. 
For constant properties case equations (22) 

and (23) become 

2y2.4*21” = - Y3A*A*’ (30) 

& Re,A*A*’ = i. (31) 

Equation (31) can be solved as 

A = 4~26J(v,iu,,) 

or 

(32) 

A 4.26 
- - --- 

F - JRe, 
(33) 

Substituting equation (31) into equation (30) 
one obtains 

Ef Y3+4 x Y2;; = 1. ( .> (34) 

The solution of equation (34) [ 121 is 

y=- *.02; _tl(Pr) ?[I - (X0/X)*1 . (35) 

N”: 

A=-0.5, B=O. 

A=- 0.5 , 8= 0.2 

A= I.0 , B--O.2 

A: I.0 , e--O.2 

A=-0.5 , B- 0. 

A=-0.5 , B=-0.2 

F~ti. 8. Local Nusselt number and local friction factor l’or Re, = 2000~@, Pr, = 2. 
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360 

340 

300 

i 

: 

260 

220 

160 
0 

A: 0.6 , w-0.2 

A= 0.3 , E--O. I 

A= 2.0, B=-0.2 

A= 2.0, B--0.2 

A= 0.8 , B=-0.2 

A= 0.3 , 6=-O. I 

I I I I I I I I I 
0.1 0.2 0.3 0.4 0.5 0.6 a7 0.6 0.9 

x*- 

9.0 

6.0 

3.0XIOJ 

p. 0 

FIG. Y. Local Nusselt number and local friction factor for Re, = 200000, Pr, = 10. 

Now equation (33) into equation (37) one obtains 

4 = A Y = J(Rt;;;pr T[l - bo/x)*l . (36) 
f = 0.704 J(i,, . (38) 

The result is in error by 6 per cent relative to the 
exact solution (see also Fig. 14). 

Substituting equation (36) into equation (27) 
one obtains 

Comparing equation (33) with Blasius’ exact 
solution [12], the momentum boundary layer 
thickness is in error by 14.8 per cent. Because of 
the similarity between Y as given in equation 
(35) and the exact solution, it follows that the 
error in the thermal boundary layer thickness 
is also in the order of 14.8 per cent. 

From equation (29) 

f=3 
Re,A* 

(37) 

(A = 0.0, for constant properties). Substituting 

Nu, = 0.36 l(Pr) ,/(Re,) 
y[l -l(r,lX)‘l. (39) 

The result for the Nusselt number is in error by 
8.34 per cent relative to the exact solution (see 
also Fig. 14). 

For the case of flow over a flat plate with 
variable properties, there are no results available 
from the literature. Consequently, only some 
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_1 n r -_____ 
c .” 

i.6 - 

,.2Xib2-- 
i 
%I * 
$4 a 

8.0 - 

n* 
---- n-7 

/________ 
A= 1.0, fl:-0.2 FOR X~=0.00286-.,,/ 

A=O.O, 8= 0.0 FO; 

A-0.0) B= 0.0 FOR Xf=O.Ol 

-I 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I.0 

X*- 

FIG. 10. Momentum and thermal boundary layer thickness for Re, = 80 000. 

150 

I20 

60 

30 

0 

Pr, = 2 when xz approaching zero. 

I I I I I I I I I 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

x*-- 

-l 

, 
, 

I 

, 
I.C 

LO*lif 

3.0 

6.0 

t 

0.0 

2.0 XNT 

5.0 
, 

FIG. 11. Local Nusselt number and local friction factor for Rr, = 80 000. 

Pr, = 2 when x$ approaching lero. 
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2 .a 

I.6 

1.2XlZ 

1 
*a d 
*L 0 

8.0 

4.0x11 

0.1 

230 

190 

150 

t 

t 

II0 

70 

30 

I 

I I I I I I I I I 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.6 0.9 1.0 

x*- 

FIG. 12. Momentum and thermal boundary layer thickness for Re, = 80 000. 
Pr, = 10 when x0* approaching zero. 

0 

A-1.0,8=-02 FOR X:=0. 

A=I.O,B=-O.2 FOR $=O. 

1.5 

1.2x lo“ 

9.0 

1 

6.0 

3.0xl~3 

0.0 I I I I I I I I I 
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FIG. 13. Local Nusselt number and local friction factor for Re, = 80000. 
Pr, = 16 when x$ approaching zero. 
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FIG 14. Comparison of Nusselt number and friction factor tbr constant 
properties case at Re, = 80000, Pr, = 2. 

qualitative remarks can be made regarding the 
effects of the parameters on the flow properties. 
Some of these qualitatively agree with results 

from the literature [13] for the flow through 
a pipe with variable properties. 

(1) For constant conductivity coefficients B, 
Nusselt number increases with decreasing vis- 
cosity coefficients A for all x*. But friction factor 
increases with increasing A for all x*. This is 

due to the fact that positive A indicates cooling 
of liquid in the flow, thus corresponding in- 
crease in viscosity near the wall slows down the 
flow, results in a lower rate of heat transfer. 
relative to the constant properties case. 

(2) The curves in Fig. 6 and Fig. 8 show that for 
constant viscosity coefficients A, Nusselt number 
decreases with increasing B (conductivity co- 
efficient) for all x*, while friction factor remains 
unchanged. 

(3) For constant Reynolds number, Nusselt 

number increases with Prandtl number for all 

x*. 
(4) The curves in Fig. 13 show that for con- 

stant Reynolds number and constant Prandtl 
number, Nusselt number decreases with de- 
creasing unheated starting length xfj for all x*, 
while friction factor decreases slightly with 
decreasing unheated starting length xs for all 

x*. 

It is believed that the results from this study 
can be improved by assuming a higher order 
velocity profile and a higher order temperature 
profile in the calculation process. Similarly. 
more realistic expressions of viscosity and 
thermal conductivity would be useful. 

Nevertheless, the variational method com- 
bined with an analog/hybrid computer solution 
technique has been found to be very fruitful in 
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the solution of this complex problem. It is felt 
that the great potential of such a combined 

._I~~~~~+~(~~+~~~~@~~ 

technique still remains to be fully exploited in 8T” 

other engineering problems. 
+ pC;u”T av - ,ou oz au 

ax 
- pu”u” ff 

ay 1 dxdy 
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APPENDIX and 

Derivation of the Coupled Equations from the 
Civiational Forinulation of the Problem 

First, we re-write equation (13) 

u = fqz;ii -q-J 1 

au 
==um [ 

3 yA’ 3 y3A’ 

dX - 2-ji + 244- 1 
and 

From the continuity equation 
au au 
-= -- 
a? ax 

therefore 

o= I at4 - >;dy 
c 

Also, it is assumed that 

and so 
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Also 

and 

k = k,(l + IS@) 

Substituting all the above expressions into equation 

(A. I) gives 

+ j~p~~‘u~~=, - pu3,)dy - ,;p@‘tY=Jx. (A.2) 

Taking the variation of E (equation (A.2)) with respect to 
A,, we obtain 

There is no longer any need to distinguish between the 

varied (A,) and unvaried (A ,) versions of thermal boundary 

layer thichness. Dropping the superscript and integrating 

r l’rom 0 to A,. we lind 

/ 

+ pC,u,,( 7, _ T,)l ;> 
,( 

6; !y; _ i;i !$!! 

9 A;A’ 9 A;A’ 

128 A2 + 640 T_ 
)I 

GA,d.u. (A.4) 

Since 6E must vanish for all 6A,. therefore 

3k 
_d;B;;+EA!$? 
5 A: t < 

Y AfA; 

(_---- - 

3 A:A; 9 A:A’ Y A:A’ 

64 A 160 A3 - iz-7 +@jJp 
i 

= 0 (A.5) 

Introducing the ratio Y = f. equation (A.5) becomes 

3 177 
-~c----aB 

5 320 

+ u, 
1 

&, Y3AA’ + 2Y’A’Y’) - & (4Y4Azy’ + Y”AA’) 

1 

= 0. f.4.6) 

Similarly. we take the variation of E (equation (A.2)) with 

respect to A. 

(-;+;; 
!I 

64 .=,dy. (A.7) 

As before. there is no longer any need to distinguish 

between the varied (A) and unvaried (A‘) versions of the 
momentum boundary layer thickness. By using the tact that 
,jA’ = d(gA)/dx. the term involving 6A’ on the right-hand 

side of equation (A.7) can be written as 
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(‘4.8) Introducing the dimensionless quantities 

Integration by parts yields. 

I= -~~~~~~_~~ (,,-+g)&li,.,dy 

.x* = -Y 
t 

A* =f 

A: =+ 

we obtain 

(A.9) 3 177 9Pr,Re, - 5 --=---I28 --.-._-(Y3A*A*’ 
320 

+ 2Y2A*‘Y’) = t-l 

Finally, integrating y from 0”to A of equation (A.7). we (A.15) 

obtain 

1 (A.16) 

6E = 
! Finally we rewrite equation (A.15) and equation (A.16) as 

(A.lO) 
2y2A*2y’= a, - y3A*A*’ 

- a,A*A*’ = - a2 - a,Y+ a,Y3 

(A.17) 

(A.18) 

where 
Since SE must vanish for all &A, therefore 

2’ 3 Lo. 
+320pumA 

(A.1 1) 

Introducing the ratio Y = :: equation (A.1 1) &comes 

3 9 3 
- 51(.x -4k 

8 
Y-;Y’+g$Ys 

) 

(A.12) 

21 
a =-Rem 

320 

5 
a2 = - 

5 

9 3 
a3 =-A- 

4 8 

9 1 
u”=~A~ 

Since A, is assumed to be smaller than A, it follows that Equations (A.17) and (A.18) are same as equations (22) and 
Y <: 1. hence equations (A.6) and (A.12) can be simplified (23). 
by neglecting the higher order terms Y4 and Y5. 

APPLICATION DUNE METHODE VARIATIONNELLE A L’ECOULEMENT SUR UNE 
PLAQUE PLANE DANS LA REGION D’ENTREE AVEC DES PROPRIETES PHYSIQUES 

VARIABLES 

R&urn&-On utilise une mbthode variationnelle afin de determiner I’tkoulement sur une plaque plane 
dans la region d’entrte A tempdrature pariktale constante. Les propriMs physiques. par exemple la 
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conductivite thermique et la viscosite. sont supposees etrc dam cette etude des fonctions lineaircs dz la 
temperature. Deux equations coupltes ont ett d&iv&es de la formulation variationnelle et ensuite resolucs 
sur un calculateur hybride analogique digital. En consequence. on donne I’epaisseur de quantite de 
mouvement. I’tpaisseur de la couche limite thermique, le nombre de Nusselt local. et le facteur de frottement 
local. Dans le cas de proprietes constantes on fait une comparaison entre la solution exacte et les resultats 

obtenus par utilisation de la methode d’approche suggtrte dans cet article. 

ANWENDUNG EINE~ VARIATI~NSVERFAHRENS AUF DIE STROMUNG ~.?BER EINER 
EBENEN PLATTE IM ANLAUFBEREICH MIT VER;iNDERLICHEN PHYSIKALISCHEN 

STOFFWERTEN 

Zusammenfassung-Ein Variationsverfahren wurde angewendet. urn die Stromung iiber einer ebenen 
Platte im Anlauibereich bei konstanter Wandtemperatur zu bestimmen. Bei dieser Untersuchung wurden 
die physikalischen Stoffwerte. r.B. die WLrmeleitf:dhigkeit und die Viskositit. als lineare Funktion der 
Temperatur angenommen. Aus der Variationsformulierung wurden lwei gekoppelte Gleichungen ab- 
geleitet und mit einem Analog-Hybrid-Rechner gel&t. Daraus werden fur die Stromung die Dicken der 
Ftriimungs- und Temperatur-GrenTschicht. die (irtliche Nusseltzahl und der iirtliche Reibungsfaktor 
gefunden. Fur den Fall konstanter Stoffwerte wurde 7wischen den Ergebnissen der exakten Losung und 

der in dieser Arbeit vorgeschlagenen Naherungsliisung ein Vergleich angestellt. 

HPHMEHEHME BAPWAlH4OHHOI’O METOAA K :SAaAqE 0 TEZIEHHB 
BjJOJIb HJIOCHOH HJIACTBHbI BO BXOAHOtl OBJIACTH C 

HEPEMEHHbIMB QH3HYECKHMH CBOHCTBAMH 

AHHOTaqnsr-RapMarlMOHHLI~ MeToR IICIIOJIb30BaJICR AJIFI pelUeHHH :safiaw 0 TeqeHMM no 

nnoc~oi4 nnacTMHe ~0 ~~02~0ii 0bnacTa npw ~OCTORHK~~ TeMnepaType nosepxnocrn. 
@I43IUeCKI4e CBOtiCTBa, T.t?. TelIJIOnpOBO~HOCTb M ISR3KOCTb, H ,xaHHOM l4CCJIe~OBaH,W 

npE,HEfMaJIHCb JIIIHefiHbIMIl @~HKLWIJIMH TeMIlep3TypLI. IfI3 BapaaqRoHHori @OpMyn~p0BKI4 

BLIBeAeHLI J(Ba CBR3aHHLPX ypaBHeHWI, KoTopLIe 3aTehi &IJII~ peureHLI Ha aHanoroBo- 

I%6pH~HOti BLIWC.iTIJTenLHOfi MalIIAHe. B pe3yJIbTaTe AJIFI PaCCMaTpHBaeMOrO TeYeHHR 6LIJIU 

0npeAeneHbI TonuMHa norpaHasIror0 CJIOH, JIOKaJILHOe qEfCJI0 HyccenLTa II JIOKaJILHLIti 

K03$@,~MeHT TpeHWI. &lIfl CJIyWH IIOCTOHHHbIX CBOtiCTB npOBeAeH0 CpaBHeHHe TOYHOrO 

peI,IeHlGI C peayJlLTaTaMl4, nOJIyqeHHLIMI4 C IIOMO~LIO MeTOAHKM, IIpeAJIOHteHHOti B AaHHOti 

CTaTLe. 


